Introduction.
Several years ago, Scott and Wall [2 ] (') investigated the continued fraction°° Cp These are actually the Pringsheim inequalities applied to the even and odd parts of/ [2, p. 161]. The rp are nonnegative numbers (depending, in general, upon the cv), and inequality is required in the first two in case the cp are different from zero. Leighton [l] had employed these inequalities in the case r"= | Cj,| ^0, and had found that /converges if, in addition, lim sup \cp\, for p** «o, is finite. Scott and Wall showed that if the rv are subjected to certain restrictions, for example, rp = \, or lim inf r\r2 • ■ ■ rP = 0, then the divergence of the series 2Z| bp\, where ¿i = l, cp = l/bPbp+i, p = i, 2, 3, ■ ■ -(the series to be counted as divergent if some cp vanishes), is necessary and sufficient for the convergence of /. In this paper we show that the same conclusion holds without any restruction upon the rp ( §4). This is accomplished by showing, more generally, that when the even and odd parts of a continued fraction /are absolutely convergent ( §2), then / converges if, and only if, the series ^|oP| is divergent. We base our investigations upon the linear fractional transformation w = Tp(z) which carries the points oo, 0, and 1 into fp-i, fP, and fp+i, respectively, where /o = 0, /i = l, /2= 1/(1+ci), • ■ -is the sequence of approximants of/. Other results in this paper include: a theorem connecting the fixed points of Tp with the convergence and value of/ ( §2), sufficient conditions for absolute convergence of / ( § §3, 6), and some new convergence regions for / ( §5). The latter are found by means of certain geometrical properties of the inequalities (1.1).
The transformation
Tp. It will be convenient to introduce the following notations:
D is the set of "points" c = (ci, c2, c3, • • • ) such that the denominators Bo = l, -Bi = l, Bp+l =BP + CpBp_i, p = \, 2, 3, ■ ■ ■ , off=f(c) are all different Note that h= -1/ci.
Proof. Since
the formula is correct for # = 1. Since Tv(<x>) =fp-i, Tv(hp) = oo, it is clear that the formula is correct for a suitable constant wp. Now, [November
inasmuch as W\/h\ = \. This gives the value of wp stated in the theorem. On putting z = 0 in formula (2.3) we obtain the following corollary.
Thus, the continued fraction f is equivalent to the infinite series
«« /Ae íewje /A0/ ¿Ae w/A approximant of f is equal to the sum of the first n terms of the series.
In a similar way we obtain the following corollary. 1 + E -US-,
respectively.
From these two corollaries we have, immediately, the following corollary. If the two series (2.6) and (2.7) are absolutely convergent and the series 23|Ap| diverges, then we obviously have
From (2.4) it then follows that the values L0 and Lx of the even and odd parts of/, which are the sums of the series (2.6) and (2.7), respectively, are equal to one another, so that / is convergent.
On combining this result with Corollary 2.1c, we then have the following theorem. Proof. From the formula (2.1) we find that
Consequently, if the series 2I^2>I converges, then the series 2I^j>I con"
verges. Also, We conclude this section with a theorem connecting the fixed points of the transformation Tp with the convergence and value of the continued fraction /. Proof. Since/p_i = Tv( °o ) is finite, the fixed points are finite, and since the number wp in (2.3) is not zero, /p_i is not a fixed point. The transformation w = TP(z) carries yp, hp, and oo into yv, °o, and/p_i, respectively, and carries Xp, hp, and oo intoxP, oo, and/p_i, respectively. Consequently, fv-i, xv, hp, and yP are the four vertices of a parallelogram. Therefore (2.13) /p_i = xp + yp -Ap.
Hence, we may write
The last statement in the theorem follows immediately from (2.13).
By (2.2), (2.3), (2.13), and (2.14),
Hence, if/ converges to a value x, we conclude by Corollary 2.1a that for each positive number t there exists a number N such that
On making use of (2.15) we then find that, for any particular n>N, one of the following inequalities must hold:
Therefore, if the notation is appropriately chosen, xp-*x and by (2.13), yP -Ap->0.
This completes the proof of Theorem 2.5.
3. Absolute convergence in the neighborhood of the origin. Let 7 be a number which is not real and less than or equal to -1/4. We shall say that c = (ci, c2, c3, In this case (1.1) holds with rp = 1 and with inequality in the first two relations.
